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Abstract. We are concerned with the well-posedness of the density-dependent incompressible 

viscoelastic fluid system. By Schauder-Tychonoff fixed point argument, when ||l/po — 1|| -n/ p is 

p. 1 

small, local well-posedness is showed to hold in Besov space. Furthermore, provided the initial 
data (f/po — Ij^Oi^O — I) is small under certain norm, we also get the existence of the global 
solution. 
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1 Introduction 

Viscoelastic fluids have a wide range of applications and hence have received a great 
deal of interest. Examples and applications of viscoelastic fluids include oil, liquid 
polymers, mucus, liquid soap, toothpaste, clay, ceramics, coatings, drug delivery 
systems for controlled drug release, viscoelastic blood flow past valves and so on, 
see [7] for more applications. The motion of a density-dependent incompressible 
viscoelastic fluid is described by the following inhomogeneous Oldroyd system: 

p t +dW(pv) = 0, (t, x) e (0, +oo) x R N , 
(iw) t +div (pv (g> v) + VP = ^Au+div (pUU T ), 
Ut+v-VU = VvU, 
div v = 



(1.1) 



supplemented with the initial data 

(p,v, U)\ t =o = (po,v Q , U q ), (1.2) 

where N > 2, p(t, x), v(t, x), P(t, x) and U(t,x) — {U t: >(t,x))NxN denote the den- 
sity, velocity, hydrodynamic pressure and the deformation tensor respectively, the 
viscosity coefficient p > is a constant. 

In the context of hydrodynamics, the motion of the fluid flow is descried by 
the particle trajectory x(t, X), where material points X are deformed to the spatial 
position x(t, X) at the time t. The deformation tensor U(t,x) = (t, X), when we 
work in Eulerian coordinate, we denote it by U(t,x) = U(t, A' _1 (t, x)). Applying 
the chain rule, we see that U(t,x) satisfies the transport equation (|1.1[K . which 
stands for 

U l t j + v k \7 k U tj = V k v l U k3 , for i, j = 1, • • • , N, 

where V* = U** = V ,V = (Vv)y. 

We assume that the initial data satisfy the constrains 

div vq = 0, 

div (p Uj) = 0, (1.3) 
UpViUg - Ul j WiUi k = 0. 
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Using (|1.3|) . it is easy to obtain that div (pU T ) — and 

U lk ViU 11 - t/ y V z [/ lfe = 0, (1.4) 

hold for all time, see [8,12]. 

System (jl.lj) has been studied extensively. When the density is a constant, 
system (11. ip governs the homogeneous incompressible viscoelastic fluids, and there 
exist rich results in the literature for the global existence of classical solutions, 
see [2,9,10,11] and the references therein. Let H = U — I be the perturbation of 
deformation tensor U, Lei et al. [9] find that 

W k H ij - V 3 H lk = H ll ViH lk - H lk ViH ij , (1.5) 

which is useful to prove the global existence. When density p(t, x) is not a constant, 
the problem related to existence becomes more complicated and not much has 
been done. Qian and Zhang [12] got the well-posedness in critical spaces for the 
compressible viscoelastic fluids. One of the difficulties in proving the global existence 
is the lacking of dissipative estimate for the deformation gradient, to overcome 
this difficulty, Lei et al. in [9] introduced an auxiliary function, the authors in 
[12] explore the smoothing effect and damping effect of the system by viewing it 
a hyperbolic-parabolic coupled system. However, This paper is devoted to the 
density-dependent incompressible viscoelastic fluids, those methods do not apply 
directly. We need to estimate the pressure term. By using standard energy estimates 
for dyadic blocks, we can get the estimate of VP. Hu and Wang in [13] considered 
the the three-dimensional density-dependent incompressible viscoelastic fluids, they 
got the existence and uniqueness of the global strong solution with small initial data. 
Our assumptions and methods are different, we consider the problem in critical 
spaces. 

We shall use scaling considerations to find which spaces are critical for (jl.lj) . 
System (jl.lj) is invariant by the rescaling (p, v, P, U) n> (pi,vi, Pi, Ui) with 

pi(t, x) — p(l 2 t, Ix), vi(t, x) — lv(l 2 t, Ix), 

Pi{t,x) = l 2 P(l 2 t,lx), Ui(t,x) = l 2 U(l 2 t,lx). 

This motivates the following definition: 

Definition 1.1. We say that a functional space is critical with respect to the 
scaling of the equations if the associated norm is invariant under the transformation: 
(p, v, P, U) i — ^ {pi, m, Pi, Ui) (up to a constant independent of I). 

In Sobolev spaces setting, the above definition would lead us to consider initial 
data in H n /p x (H n /p- x ) n x (H n /p) n . If p vanishes or becomes unbounded, system 
(11.11) degenerates, it is reasonable to assume that po £ L°°. For technical reasons, 
we suppose that the initial data belong to a somewhat smaller homogeneous Bcsov 
space B^ p x (B^Y x (B$ p )"\ Set 

cr=--l, H = U-I, 
P 

the system (jl.ip - (jl.2j) can be reformulated as follows 
a t + v ■ Vcr = 0, 

vl + v- Vv l + (a + 1)V 4 P = p{a + l)Av l + d k H lk + W k d W k , 
< Ht + v- Vif = Vv(H + 1), (1.6) 

div v = 0, 
, (<r,v, H)\ t =o = (ao,v ,H ). 
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The well-posedness of the system (|1.1[) - (|1.2I) is equivalent to the system 
The main results of this paper are as follows. 

Theorem 1.1. For the system U.6}) , letp G [1, N], there exists a constant c = c(N), 
such that for any vq G {B^[ p 1 ) N with div vq = 0, Hq G {Bp( p ) N and do G B^[ p 
with ||do|| i,N/ P < c, then there exists a positive time T G (0. +oo) such that system 

U.6\) has a unique solution (d, v,H, VP) with 

/ • . \N 

o-£C([0,T];B s p<1 ), ve (C([0,T} ] B;^)nL\[0,T]-,B s p + 1 )) , 

H EC^nB^f 2 , and VP G (^([0, T]; B^) N ■ 
In addition, for p — 2, we denote B s := Pf 1 , there exists a constant 77 such that, if 

</ien £/ie system U.6}) has a unique global solution with (a,v,H) G H N ^ 2 , where 
U s := (L 2 (R+;B s )nC(R+;B s DB 8 - 1 )) 

x (L^P+j P s+1 ) n C(R+;B S n P 8 " 1 ))^ 
x(L 2 (P+;P s ) nC(R+;B s nB 8 " 1 ))^, 

and VP G L 1 {R+;B S - 1 ) N . 

This paper is structured as follows. Section 2 is devoted to recall some basic 
results on Besov spaces. In Section 3, using Schauder-Tychonoff fixed point ar- 
gument, we prove the existence and uniqueness of the local solution. At last, we 
concentrate on the proof of the global existence of solution. 

Notation: Throughout the paper, C stands for a universal constant. Z'(M. N ) 
stands for the dual space Z(R N ) = {/ G ipQH N ) : D a f(0) = 0,Va G N w multi-index}. 
The notation Lj,(X) stands for the set of measurable functions on (0, T) with values 
in X, such that || ■ ||x G L p (0,T), where X be a Banach space, p G [l,+oo]. 

2 Basic results on Besov spaces 

In this section, we mainly review some results on Besov spaces. At first, we introduce 
the Littlcwood-Paley theory. The homogeneous Littlewood-Paley decomposition 
relies upon a dyadic partition of unity: radial function ip G cp(Wl ) supported in the 
shell C := {£ G ^ N I | < £ < § } such that 

£>(2-'0 = l, for all^O. 

The homogeneous dyadic blocks and low frequency cut-off are defined by 
A q f := <p(2-«D)f, and S q f := ]T A k f for q G Z. 

k<q-l 

It is easy to verify the following properties hold: 

A 9 A fc / = for |g-*|>2; A,(Vi/AJ)eO for |g-*|>5. 
The definition of the Besov space depend on the Littlewood-Paley decomposition. 
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Definition 2.1. For s G R, (p, r) G [1, +oo] 2 and u G Z'(M W ), we set 

||«|| 6 . r := ||2^||A^|| p || ir , 

with the usual change if r = +oo. The homogeneous Besov space B* is defined by 
B' r :={ueZ'(R N ):\\u\\^ r < +oo}. 

Next, we introduce the Besov-Chemin-Lerner space L^,(Bp r ) which is initiated 
in [1]. 

Definition 2.2. For s G K, (p,r, fc) £ [l,+oo] 3 and T G (0, +oo]. The space 
L^(Bp r ) is defined by 



L k T {Bl r ) := e ^((LT^R^) : |M| Z , ( ^ r) < +^}, 
H^.) :={E 29rS (/ T |l A ^)l^)"}"' 



with the usual change if r = +oo. 

By virtue of Minkowski's inequality, we have 

IHl£?.(B!, r ) ^ IMIl*(b ;iP ) if k < r , 

In order to get the global existence result, we need to give the definition of hybrid 
Besov spaces. 

Definition 2.3. For \i > 0,r G [l,+oo] and s G R, we define the hybrid Besov 
space -B^' r as the set of functions u such that 



:= ^ 2« s max( M , 2-«) 1 ^ ||A ? u|| L 2 < oo. 



Let us list some important properties of the Besov spaces, see [3]. 

Lemma 2.1. For s G K, (p, r) G [i, +oo]. 77ie following inequalities hold true: 

(i) there exists a universal constant C such that 

C-'Mzs <||V«|U ; -i<CH|^ ; (2.1) 

p,r p.r 

(ii) if S\,S2 < y and s\ + S2 > N max (0, | — l), 

||uw|| . sl+S2 -f < CHull^.iJIt;!!^; (2.2) 

(in) if s x < j,s 2 < j and s 1 + s 2 > Nm&x (0, | - l), 

HHU 1+ a 2 -f <C f ||u||B.i i ||«||B ;?oo . (2.3) 
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Lemma 2.2. Let 1 < k,p,q,qi,q2 < oo with ~ + — -, i/ien 

ft) *// 6 L%{B s p \),9 £ 4 2 (^p 2 i) «"* »i,«a <f , «i + S2 > A^max (0, § - l), 

11/^11 , I+i2 - f ^cil/ll^c^^ll^^)' ( 2 - 4 ) 

iV „ / N 



I/Sll +S2 _ f ^qi/II^^NI^^). (2.5) 



(«; z// £ e ond Sl < f ,s 2 < f , s 1 + s 2 > A^max (0, §-l), 

IIJ 

f«J /or / G L\{B & V [),s€R and e £ (0, 1], we /lave 

II/HZ*^) < C log (e + m — j . (2.6) 

Lemma 2.3. (see [4]) Let < R\ < i? 2 and tp £ C^(R N ) be supported in the an- 
nulus C(0, R\, i? 2 ). For all indices s, t,p, a±, a 2 and a' 2 such that 1 < p, a\, a 2 , a' 2 < 
+00, l/a 2 + l/a' 2 = 1/a.x, t < N/p+1. 1 < s < N/p+1 and s + t > 1, there exists 
(c g ) g gz smc/i that J2 q c g < 1 an d 

\\dAv[A^{2-"D)]VB\\ LlHLP) 

^Cc^-^+^-^llVAII.^^.^IIVBll^^-^ (2.7) 

Now we prove a useful estimate. 
Lemma 2.4. Let l<p<7V, l<a< +oo, and u be a solution of 

- div(aVu) = f, (2.8) 

N_ 

where the diffusion coefficient a(t, x) £ Lj?(B*^) and < a < a(t, x) < a. TTien £/ie 
following estimate holds 

||Vtt|| <C P ||/|| ,«_ 2 +C p ||Vo|| ||Vu||. (2.9) 

) ) ^(B^ ) L&B*! ) 

Proof. The proof of this lemma lies on standard energy estimates for dyadic blocks. 
Applying Aj to (|2.8|) and denoting i?j := — div([a, Aj] Vit), we obtain 

-div(aVAju) = A 3 -/ + i? r 

Multiplying both sides of the above equation by \Ajii\ p ~ 2 AjU and integrating over 
M. N , we have 

-/ div(aVA j u)\A j u\ p - 2 A j udx= [ (A 3 f + R^AjU^" 2 A jU dx. 
Jr n Jk« 

From [4], we have the following inequality 

Ca(?-^-)2 2j \\Aju\\ p LP < - { diY{aVA 3 u)\A.ju\ p - 2 A udx, 
P Jr n 

using the above inequality and Holder inequality, we get 

C p a2 2 i\\A 3 u\\ p LP < IIA^H^dl^lU, + ||A,/|M. 
By integration with respect to t over (0, T), we have 

Cp||Vu|| N_, < 11/11. ,N_ 2 +||V0||. ||V«||. 

) ^(^1 ) L t( S p P 1 ) L ?( B /l ) 

here we have used (|2.1[) and (|2.7[) . □ 
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Remark 2.1. We also have an estimate for solutions of (|2.8I) in Ly(£? p 'oo), with the 
same assumptions as in Lemma 12.41 the following inequality holds: 

||V U || Z?(B - L) < ^11/11^-) +Q.I|Vo|| £5?( B0 iOo) ||Vtt|| £?(A - io) . (2.10) 

The proof goes along the lines of the proof of Lemma [2^41 and use the following 
enequality which can be found in [5], 

sup2~ 2:, ||div {[a,Aj] ■ Vu)|U* < Csup2~ 2j ||Va|| i jo ||Vu||^-^. 

We state the classical estimates in Besov space for the transport and heat equations, 
see [3]. 

Proposition 2.1. Let s G ( — 1 — Nmin(-, -i-), 1 + — ), and 1 < p,r < +oo, and 



-s 



V j, I y / 1 p , 



1 + — , if r = 1. Let v be a solenoidal vector such that Vt> G L}p(B p p ir D L c 



Assume that Uq G -Bp r , <? G Lj,(Bp r ), and f solves 

| fl t „ + «.v« = p, (2U) 

[ u|t=o = uo- 
TTien /or an?/ i G [0, T], we /lave 

ll«ll£So(B- r ) <e OV{t) (||«o||fl. ir + re-^llflWH^dr), 

J Q 

where V(t) := /„* ||Vw(r)||^iv/ Pnioo dT. I/r < +oo, iften u G C([0,T];S^ r ). 
Proposition 2.2. Let sel and 1 < fc,p, r < +oo. Assume that uq G Bp r ,f G 

~ . s 2-1- — 

L\(B ViT p ), and u solves 

{dtu — uAu = f, . 
P 17 ' (2.12) 
u|t=o = wo- 

Denote 1/&2 = 1 + 1/fci — 1/k. Then there exist positive constants c and C = C(N) 
such that for all k\ G [k, +co], we have 



1 _ e -c^k 1 £ 



cfik 



■E^IMw ^r )-} 



Moreover, there holds 

i / i _. 

^ H U lli* 1 (Bj+ 2/fel ) - ^IMIb^ +M fc ll/lli*(Bj- 2 + 2 / fe ) y 

7/r < +oo ; then u belongs to C([0, T\; B^ r ). 

We also give a estimate for the linear hyperbolic and parabolic coupled system 

f ct+v Vc + AoW, 

1 d t + u • Vd - /iAd - Ac = .g, 



where A = (-A) 



1/2 
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Proposition 2.3. (see [6]) Let (c,d) be a solution of 112. 13)) on [0, T) with initial 
data (c ,d Q ),l - N/2 < s < 1 + N/2 and V(t) = J* \\v\\ % +1 d,T. The following 
estimate holds on [0, T) 

W)\\b^ + \\d(t)\\ B ^+^j\\\c(T)\\^, + ||d(r)|| fl . + i)dr 
<Ce cv ^{\\c \\ s ^ + \\d \\ B ,-i 

+ J\- Cv ^(\\f(r)\\^ + || 5 (r)|| B .-x)dr). 

where C = C(N,s). 

3 Well-posedness in critical spaces 

For the system (|1.6[) . when the initial density is small in B^[ p , the local well- 
posedness can be obtained by mean of the following form of Schaudcr-Tychonoff 
fixed point argument. Furthermore, when initial data (oo, uq, Hq) is small under 
certain norm, we can obtain the global existence result. 

Theorem 3.1. (Hukuhara,) Let K be a convex subset of a locally convex topological 
linear space E, and $ be a continuous self-mapping of K . If $>(K) is contained in 
a compact subset of K , then $ has a fixed point in K. 

Let us briefly enumerate the main steps of the proof: In the first step, we show 
the local existence problem amounts to find a fixed point for some map <f>. In the 
next two steps, we state various a priori estimates for In the fourth step, we show 
that Hukuhara's theorem indeed applies. Step five is devoted to the uniqueness. At 
last, when the initial data is small under certain norm, we give the proof of global 
existence. 

Step 1. Construction of the functional $ 
Define <& by (o~,v,H) = $(a, u, £), where (a,v,H) is the solution of the linear 
problem 

a t + u ■ Ver = 0, 
v t - fiAv = G - (a + 1)VP, 
< H t + u- S7H = Vu(£ + I), (3.1) 

divu = 0, 
k (?,v,H)\t=o = (a Q ,v ,H ), 

with a = a(a) and 

G := -u ■ Vu + fiaAu + div£ + £ T • V£. 
Step 2. A priori estimates 

We shall prove that for suitably small T and IIcxoIIrW/p, the functional $ has a 
fixed point in the Banach space 

E*:=L?(B; tl )x(L?(B; tl )nL 1 T (B;/ )) n x l?(b; a ) n . 
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Let E := \\v \\ n_ 1 + \\H \\ n and ||ct || k = Ro- Co > and (R, n) G (0, l) 2 to 

r p r> p n p 

M pA B p,i B PA 

be fixed hereafter, we denote 
A={{o,v,H)EE p T : \\<t\\_ .» <R, \\v\\_ +|HL .n <»7> 

||V||. + ]]#||„ .« <C So.} 



We claim that if T, R, R and r\ are small enough, $ maps .4 to 4. 

In what follows, we assume (a, u, £) 6 >t and denote s := ~, E/(i) := J Q ||Vu 

for convenience. Using Proposition 12. 1[ we have 

IWh^s^^e^lWoU <e c ^R , (3.2) 

and 

\\Hh n B^ < c^dl^oll^ + livufj + oilix^,) 

< e c "(||ff ||^ +^ + ^0^0)- (3.3) 
Taking advantage of Proposition 12.21 and Lemma 12.21 we obtain 

IMIl-Cb;-) < C(||« [| J . ril + ||G|| £ x. (J§ .- l) 

+l|VP||£x + ||«VP||£x j^-x,) 

< C(ll^0[|^-x + ||G[[ Z x. ( ^-x ) 

+ (l + ll«ll^(^ 1 ))l|VP|| Z , (Bril) ). (3.4) 

Applying div on both sides of (13. ip ? and by the incompressible condition div v = 0, 
we have 

div ((a + 1)VP) = divG. 

Since Py{ p c — > n therefore 1 - R < 1 - ||a|| LDO(i j. j < 1 + a < 1 + R- 

Choosing R < |, then using Lemma [2T4l to the above equation, we get 

< CIIGHii^-xj + CiillVPll^^-i), (3.5) 

here we have used Lemma [2.21 Choosing R < 1/2 so small that CR < 1, (|3.5[) 
becomes 

l|VP||£i ( B.-i ) <C||Gr[| £ x. (A .- 1) . (3.6) 
Thus, combining (|3.4p and (|3.6p yield that 

IMIz-^-X) < C[\\v \\^ + (1 + ||a||^ (%i) )||G|| z , ^.-xj] . (3.7) 
By the definition of G and Lemma 12.21 we infer that 

- c ll u lll^(^, 1 ) +c ll a ll£??(^, 1 )ll u ll^(^+ 1 ) 

+^1^11^^(1 + ^11^^,)). (3.8) 



B p . 
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Then (|3.6[) becomes 

II VP|| £ x (Bj-i) < C[R V + n 2 + TC Q E {1 + C Q E )] . 
Combining (f3T3|) , (|3J]l and (f378^ . we have 



\v\ 



< Ce Cri [E + 77(1 + C E )] + C(l + i?) [i?r? + r, 2 + TC E (1 + C E )] . 
By Proposition \2.2\ we can obtain 

< C^ qis - 1] \\\u \\ L »{l - e-^ qT ) + C\\G-(a+ l^P]]^.-^ 
<C^2^- 1 )||A gUo |U P (l-e- c22 ^) 

+C(1 + i?) [Et? + n 2 + TC E (l + C E )] , 

here we have used (|3.6|) and (I3.8j) . 

Taking C = 6C, i? < §i?, 77 small such that e cr ' < |, 77(1 + C £ ) < 
and choosing i? < 1/2 small enough such that (1 + R)(Ri] + rj 2 ) < min{i?o, jq}- 
Next, we choose T small such that CT(1 + i?)(l + C E ) < min{±, 2C n E } and 

CE^^IIA^olMl-e-^) < |. Then 

IML < R > IML .^+1 + IML . ^ < '7, 

||u|| +||iJ|| » <C £;o, ||VP|| <oo. 

L-CS/! ) L!?(S P P !) ^I^! ) 

Therefore, the functional $ maps A to A 
Step 3. Time derivatives 

The compactness of $ will be supplied by the following lemma. 

Lemma 3.1. Denote (o~,v,H) :— <I>(a, ?i, £), let (a,it,£) be in A with T, 77, Cq,Rq 

2 

and R chosen according to Step 2. Then a t , H t £ L^(B^[ ) and v t € L^ +a (B^ 1 + 
B pTi +a ) f or an V a 6 [-1)1] such that a > max(2 - 2N/p, 2- N). Moreover, there 
exists a constant C depending on T, 77, Co, Ro, R and Eq such that 

The similar proof can be found in [3,12], we omit here. 
Step 4. The fixed point argument 
We first introduce a functional space 

y T p := L¥(B' pA ) x (L^(B^)nL 2 T (B; tl )nM T (B;y)) N x l?(b; a ) n2 , 

where M.t{B^ + ^) stands for the space of bounded measures on [0, T] with values 
in Bp\ x . The space Y£ endowed with the norm 

||(a,u,0lli£ := UfoOH*-^) + Ml^d;- 1 ^ (b*,) + / d W u W l~(b;+ 1 ) 
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is a Banach space. Furthermore, Y£ is the dual space of 

where L T (B^ QO ) stands for the completion of ^([0, T]; H N ) under the norm of 
^T^g <x>)> an d that X T is a separable Banach space. 
Let C be as in Lemma \3. II We denote 

V := {(a,u,0 G 4 11(^6)11^-) + IMI^^,-^ < C}. 

Since is the dual space of a Banach space, we gather that Y£ endowed with the 
weak star topology is a convex topological linear space. Obviously, A is a convex 
subset of Yj,. From Lemma [3.11 we know that $>(A) C V. Since T> G A, it is 
clear that $ is a self-mapping of £>. Just like the proof in [3,12], we can obtain the 
continuity and compactness of $. Then Hukuhara's theorem ensures that the map 
$ has a fixed point (a, v,H) G A, which is a solution of (|1.6j) . 

Furthermore, we can check that the right hand sides of (|1.6|) i , (|1.6|) 9 and (|1.6|U 
belongs to Ly(-Bp ;1 ), then Proposition 12.11 and Proposition 12.21 insure <r,H,v G 

c([o,nsp,i)- 

Step 5. The proof of uniqueness 

We assume that (a\v\H\VP l ) E E T x L T {Bj~ Y ) N (i = l,2;p E [l,iV]) are 
two solutions of (| 1 . 6[) with the same initial data. Set 

((5cr, 5v, 6H, VSP) = (a 1 - a 2 , v 1 - v 2 , P 1 - P 2 , VP 1 - VP 2 ). 

Then (Sa,5v,6H,\75P) satisfies 

Sa t + v 2 ■ V(5(j = SGi, 

Sv t -fiAdv = 5G 2 , (3.9) 
5H t +v 2 • V<5P = SG 3 , 

where 

SGi := SvVcr 1 , 

SG 2 := (i^Av 1 -v 1 ■ Vu 1 - (ct 1 + 1)VP X + divP 1 + div(H 1 H 1T ) 

-pa 2 Av 2 + v 2 ■ Vv 2 - divP 2 - div(P 2 P 2T ) + (a 2 + 1)VP 2 , 
6G 3 := \75v + Vv 1 ■ H 1 - Vv 2 ■ H 2 - Sv ■ VP 1 . 

In what follows, we set V l (t) :— J Q \\v l (T)\\gB+id,T for i = 1,2, and denote by At 
a constant depending on ||(o' 1 ,cr 2 )||ioo(_B s J an d II (P 1 , P 2 ) Il~(b s J- Since for any 
p E [1,N], E T C P^Y. So we take p = N in the sequel. Applying the Proposition 
12.11 and Lemma |2~T1 we get that for any t E [0, T], 

II^WII^ < e cv2(T} f {\Mb> n .S 1 + \\ h1 U\,J 

+\\v 2 \\b 1 ^H\\b% )dr. 

N , 1 iV , oo / 
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By the above estimates and Gronwall's inequality, we obtain 
IIHU +\\SH\\b% <e cy2 ^ (l + \\a^ +1^%! )dr. (3.10) 

N ,aa N ,oc Jq N ,1 Jv,l N ,1 

Using Proposition ^. 2[ we know 

^ v hi(B kao) + IMIz^) < \\^ki {B -^y (3.H) 

Since div (SG2) — div (5vt — fiASv) = 0, thus 

div {{a 1 + l)VSP) = div F, 

where 

< ci < cr 1 + 1 < c 2 , 

F = fiSaAv 1 + fia 2 A8v - v^Sv - 5vVv 2 - 5aS7P 2 
+div SH + div {H 1 !! 17 - H 2 H 2T ). 

By using the estimate (12.101) to the above equation, we have 

WWPh-^ < c \\ F h-^ + c H (jl ll^. 1 ||v<5jP|l ^L- (3 - 12) 

Choosing CUc -1 1| ^1 < 5, by the definition of F, we obtain 

||«? 2 |U-i < C||fo||so (H^bi +||^ 2 ||b; ) + C\\o*\\ 6i \\5vWte 

+\\sh\\b^ + c \M\B k J\\A\B kl + IIvp 2 IIb-) 

+ \\dW(H^H^-H 2 H 2T )\\ Bzl 



We can take T <T small enough such that for any t £ [0, T], 

H VP HZK^) + IK^.^HLKB^Jnif^j + ll(^^ 2 )l!L r( B kl ) « 1- 
Therefore, p. lip becomes 

IIHIzkb^) ^ ^Aii^IIb^^ + II^IIb^ + IIvp 2 !!^) 

« 

+ ||«Sff|Uo W ( 3 -i 3 ) 

N,oo / 

Using (I2.6[) . we obtain 

HHIl;^) < ClMkxB^) l0 § ( e + ^ II 5v\\iy k J, 
where Ct — \\8v\\lI(b° j + ||<M|£i^g2 j. It yields that for any t <E [0,T], 



Iog(e + Or||5i;||^ ))dr. (3.14) 
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Since / * HVP 2 ^-^ < 1 for any t G [0,T], 1 + Hi; 1 1|^ 3 /2 is integrable on [0,T], and 

[ l 1 

/ — i 7 ^ TT« r = 

Jo r lo g( e + C T r~ l ) 

from Osgood lemma we know (5a, 6v, 5H, V5P) = (0,0,0,0) on [0,T]. Using Con- 
tinuity argument, we can prove (cr 1 , v 1 , H 1 , VP 1 ) = (cr 2 , u 2 , H 2 , VP 2 ) on [0,T]. 
Step 6. Global existence with small initial data 

Note that || • \\^,oo w || • ||s 3 -ins= and || • = \\ • \\b°- The above steps ensure 

that there exists an positive time T\ and a unique solution (cr, u, P) £ "H^ , T < Ti 
such that 

||(cr,P,i;)|| f < ddkoll f + ||P || ,f + IMI B *-i), (3-15) 

where C\ > 1, and 

||(a,i;,P)||^ := ||(^F)(t)|| j;5?(S .,-, ) + ||«(t)|| L o ?(B .- 1) 

+At(||(<r,fO(*)llzi(flj^) + l|v(*)IUi(B-+i))- 

We define d zj = -A^V^-i/, then i/ = A^Vyc^'. By applying -A^Vj to (|L6|) 9. 
we get 

d t d 11 - AiAd y ' + K^iVjVkH^) = A- x Vi(u • Vi/ - H lk ViH lk ). (3.16) 
Equation (jl.5l) implies 

A _1 (VjV fe P ifc ) = -AP y - A- 1 V k {H l] ViH lk - H lk ViH lj ). (3.17) 
By plugging (|3.17l) into (13. 16[) . from (|1.6p we get 

cr t + W • Vcr = 0, 

d t d ij + v ■ Vd ij - - AH ij = G, (3.18) 

<9tP ij ' + v • VP lJ + AcF = P, 

where 

P = Vfei/fi^ 

G = v V(-A- 1 V J u i ) + A- 1 V J [u- Vl/' + (a + 1)V^P 

-H<tAv 1 - H jk VjH lk } + K- 1 V k (H lj ViH lk - H lk V t H' j ). 

We shall prove that there exists a constant M > C\ such that, if the Besov norm of 
initial data a :— HcroHi; 3 -^ + ll^olls 3 - 1 + HPoHs^ 00 is small enough, then the solution 
of (|1.6|) satisfies 

\\(a,v,H)\\ n N/2 <Ma (3.19) 

for any T £ [0, +oo). 

Assume (|3.19p holds for t £ (0, T]. f|3 . 1 5[) ensures that T is bounded from blow 
by T\ and there exists a constant T 2 > such that || (cr, v, H) \\ u n/i < Ma for any 

T £ [0,T + T 2 ). Since 
di{{a + l)diP) =di(-v Vv i + naAv i + H jk djH ik ) , with c x < a + 1 < c 2 , 
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using Lemma 12.41 we obtain 

II^P||l^(B«/2-i) < C \\ v \\l 2 t (B"/2) + C 'M|klU|f(BW/a)[[w||ii(BJf/2+l) 

+ C \\ H \\l 2 T (B"/2) + C 'll cr llL~(B JV / 2 )ll V - P llL^(S JV / 2 - 1 ) 

< C(C x Maf + CCiMa||VP||ii (B^/2-1), 
choose a so small that CCiMa < 1/2, we have 

< C{C x Maf. (3.20) 

Now, we estimate IIFII n m , since 

IIFII « ^ <C||fr|| w » llVull , , n KCidMaf. (3.21) 

For the term of G, using (|3.20[) we have 

\\G\\ n . < C\\tr\\ « (IIVPII , , « 1 

+C\\v\\\ N + \\v\\ Tl ,» +1 .) +C||iT|| 2 i „ 

< C(CiMa) 2 . 

For the equation f| 1 . 6[) . according to Proposition 12. 3[ we have 

c|MI 



(a,v,H)\\ n „ /2 < Ce 2 +1 > (\\<r \\ » .« + 



l#o|| « oo + IIFII « . + ||G|| , , .. , 



l\ ) 1 



for T E [0,f+ T 2 ]. Thus, we obtain 

\\{a,v,H,VP)\\ n N /2 <Ce CClMa {a + CfM 2 a 2 ), (3.22) 
so choosing M = max(4C, C±) and making the following assumptions: 

C\M 2 a < 1, e CClMa < 2, CC t Ma < -, 

then (|3~T5j) holds for T e [0, f + T 2 ], hence for any T £ [0, +oo), it is followed from 
a bootstrap argument. The proof is complete. 
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